
An Introduction to p-adic Teichmüller Theory

1 The Stack of Nilcurves

1.1 motivation

[Ord], Intro
X C hyperbolic curve (smooth, proper, connected, genus g minus

r points 2g − 2 + r ≥ 0) X π1(X )
X̃

Koebe X̃ ∼= H := {z ∈ C|Im(z) > 0}

Remark 1.1. Mumford-Schottky

p

p

π1(X ) → PSL2(R) → PGL2(C)

PSL2(R) H

(X̃ × P1
C)/π1(X ) → X̃ /π1(X )

P → X

H ∼= X̃ ↪→ X̃ × P1
C

section σ : X → P ∇P

-Spencer morphism ∇P (σ) : τX
∼→ σ∗τP/X

(P,∇P ) indigenous bundle
H0(X, ω⊗2

X ) torsor r = 0

S̄g,r → M̄g,r
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Ωlog

M̄g,r
-torsor S̄g,r, M̄g,r stable curve+IB, type(g, r)

stable curve moduli Koebe canonical

(S̄g,r)C
�� (M̄g,r)C

sH

��

p

1.2

[Ord], Ch.I, §1,2

1.2.1

f : X → S proper, smooth, genus g curve
r = 0)

Definition 1.2. (P π→ X,∇P ) P1-
σ : X → P ∇P (σ) : τX → σ∗τP/X

Remark 1.3. local

1.2.2 Filtration & de Rham cohomology

A = Ad(P ) = π∗τP/X X

sl2 Lie

π∗(τP/X) i �� �� σ∗τP/X
∼= τX

Ker i
j �� ����

��

(Iσ/I2
σ) ⊗ τP/X

∼= OX

Ker j
∼= ����

��

(I2
σ/I3

σ) ⊗ τP/X
∼= ωX

A filtration

(F−1/F 0)(A) = τX , (F 0/F 1)(A) = OX , (F 1/F 2)(A) = ωX .

R
.
fDR,∗(A,∇A) filtration
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Proposition 1.4. i �= 1

RifDR,∗(A,∇A) = 0.

i = 1 :

0 → f∗ω⊗2
X → R1fDR,∗(A,∇A) → R1f∗τX → 0.

(P,∇P ) X

curve
(P,∇P )

1.2.3 Formal uniformization

∇P σ

section

π∗
1P

∼= ��

����
��

��
��

�
π∗

2P

�����
��

��
��

���
��

��
��

��

X
PD×S X

π∗
1σ

��

π1

		��������� π2



���������
P

����
��

��
��

�

X X

D π2 O push-forward

X

σ

�������������������

d




SpecD ���������

����
��

��
��

� P

��		
		

		
		

X

d diagonal X ↪→ X
PD×S X

ÔPD@σ
P

ξ
∼→ D.

Iσ/I2
σ

�� ID/I2
D

σ∗ωP/X
∼= �� ωX
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-Spencer

Corollary 1.5.

P ∼= P(ID/I
[3]
D )

∇P

Proof.

P ∼= P(Iσ/I[3]
σ ) (P1-bundle tautology)

∼= P(ID/I
[3]
D ) (formal uniformization )

Corollary 1.6.

{ } = (f∗ω⊗2
X )-torsor

Proof.

0 �� I[2]
D /I

[3]
D

�� ID/I
[3]
D

�� ID/I
[2]
D

�� 0

ω⊗2
X

∼=
��

ωX

∼=
��

∇P ,∇′
P ∇P −∇′

P ∈ F 0(Ad(ID/I
[3]
D ))⊗ωX ∇P ,∇′

P

ξ id ∈ F 1(Ad(ID/I
[3]
D )) ⊗

ωX = ω⊗2
X

1.3

[Ord], Ch.II, §2

1.3.1 Motivation

Mell Zp stack E
f→ Mell tautological

E = R1fDR,∗OE E Mell ∇E Gauss-
Manin P = P,∇P = P(∇E) (P,∇P )

C p Frobenius
naive Frobenius renormalized

Frobenius F∗ Main Theorem II

Frobenius invariance F∗(E,∇E) ∼= (E,∇E) F∗(P,∇P ) ∼= (P,∇P )
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(E,∇E) p-curvature square nilpotent

Remark 1.7. p-curvature Ad(E) ⊗ Φ∗
Mell

ωMell δ derivation
δ ∇δp − (∇δ)p

1.3.2 Nilcurves stack

Nilcurve stack Ng,r hyperbolic curve p-curvature
square nilpotent

Ng,r
� � ��

����
��

��
��

�
(Sg,r)Fp




(Mg,r)Fp

Theorem 1.8 (Main Theorem I).

N̄g,r → (M̄g,r)Fp

finite, flat, local complete intersection, degree=p3g−3+r

up to isogeny section

1.3.3

(a)

(S̄g,r)Fp

V ��














Q̄g,r = V(Φ∗Ωlog

M̄g,r
)

�������������

(M̄g,r)Fp

(3g − 3 + r)-dim relative affine space V

Verschiebung( C̄
f→ M̄g,r universal curve

(P,∇P ) 	→ − det(p-curvature ∈ Ad(P ) ⊗ Φ∗
XωX/S)

=
1
2
Tr(p-curvature2) ∈ f∗Φ∗

Xω⊗2
X/S X/S-horizontal

⇒∈ Φ∗
S(f∗ω⊗2

X/S)

⇒ Ng,r = V−1(0)
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Xi (M̄g,r)Fp relative affine

V : Xi 	→ Xp
i + (deg < p) i = 1, . . . , 3g − 3 + r

deg ≤ p Φ∗Ω → SpΩ

1
2
Tr(p-curvature2)

(b)
(P,∇P ) P

∇P = ∇ + θ

∇ θ ∈ F 1(Ad(P )) 1
2Tr({(∇+

θ)p}2) θ deg ≤ p

(c)
(∇ + θ)p θ2 = 0 θ

θ∇θ . . . θ∇θ ∇θ∇ . . .∇θ∇

0

1
2
Tr{(∇+ θ)p}2 =

1
2
Tr(θ∇θ . . . θ∇θ∇θ . . . θ∇) + (degθ < p)

degθ ≤ p.
(d)

θ2 = 0

θ∇θ∇θ . . . θ∇θ∇ = [θ,∇]p−1θ�

[θ,∇] OX -linear ∈ F 0(Ad(P )) [θ,∇]p−1θ

OX -linear ∈ F 1(Ad(P )) ∇ F−1/F 0 OX-linear
-Spencer id

1
2
Tr(. . . ) = (abs.const)θp + (degθ ≤ p)

abs.const node marked point
(M = )

(t
d

dt
)p-curvature = Mp − M = M((det M)

p−1
2 − 1)

⇒ 1
2
Tr(p-curvature2) = −det(M)((detM)

p−1
2 − 1)2

⇒ degθ = deg det M = p
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2 Canonical p-adic Liftings

2.1 Ordinary nilcurves canonical liftings

[Ord], Ch.II, §3; Ch.III

Ng,r ⊇ (N
ord

g,r )Fp = {M̄g,r étale locus} �= ∅

ordinary nilcurves Jacobian ordinary
“ordinary” X → S, (P,∇P ) Fp

nilcurve Φ Frobenius

p-curvature ∈ Ad(P ) ⊗ Φ∗
XωX/S

⇒ Φ∗
XτX/S → Ad(P )

⇒ Φ∗
XτX/S → Ad(P ) → (F−1/F 0)(Ad(P )) = τX/S

Φ∗
SR1f∗τX/S

Φ∗
X→ R1f∗Φ∗

XτX/S → R1f∗τX/S(= ΘMg,r |S).

Theorem 2.1.

(X → S, (P,∇P )) ordinary ⇔ Φ∗
SR1f∗τX/S � R1f∗τX/S

Proof.

étale ⇔ Ng,r tangent space � Mg,r tangent space

2.1.1 ordinary nilcurve canonical lifting

XFp → SFp ⊆ S = Spec(W(R)), R :perfect/Fp , P := (P,∇P )Fp p

ordinary nilpotent (XZp , PZp) canonical

Theorem 2.2 (Main Theorem II). unique
(XZp , PZp)

: F∗PZp � PZp

Remark 2.3. PZp Crys(XFp/S) P1-bundle crystal P =
P(E) F 1(E) ⊆ E rank 1

σ ΦX Frobenius

Φ∗
X(E,∇E) ⊗ Fp ⊇ Φ∗

XF 1(E) ⊗ Fp.
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renormalized Frobenius pull-back F∗(E,∇E) Φ∗
X(E,∇E) section

mod p Φ∗
XF 1(E)⊗Fp

rank 2 crystal F∗(P,∇P)

F 2 F−1/F 0

0 → f∗ω⊗2
X/S → R1fDR,∗Ad(P) → R1f∗τX/S → 0

Proof. PZp OK

(1) mod p

F 2 F−1/F 0

OK OK mod p

? ? mod p2

? ? mod p3

Lemma 2.4. F∗

F−1/F 0 ∼→ p−1 · F−1/F 0

F 2 → p2 · F 2

Remark 2.5. [Ord], Ch.III, Lemmas 2.5, 2.6

(2) Lemma p · F−1/F 0 mod p2

F 2 F−1/F 0

OK OK mod p

? OK mod p2

? ? mod p3

XZ/p2

(3) F−1/F 0 mod p3

F 2 F−1/F 0

OK OK mod p

? OK mod p2

? OK mod p3

? ? mod p4

OK OK
(4) Lemma (F∗P)Z/p2 F 2 mod p2
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F 2 F−1/F 0

OK OK mod p

OK OK mod p2

? OK mod p3

? ? mod p4

(2)

2.2 moduli

[Ord], Ch.III
(N

ord

g,r )Fp

ét→ (Mg,r)Fp étale unique p-adic N :=

(N
ord

g,r )Zp

ét→ (Mg,r)Zp §1 SFp := NPF
Fp

XZp → S = W (NPF
Fp

)

⇒ S → (Mg,r)Zp s.t. N

⇒ S → N

Lemma 2.6. ∃! Frobenius lifting ΦN : N → N such that

S −−−−→ N�⏐⏐ΦS

�⏐⏐ΦN

S −−−−→ N

Corollary 2.7. ∃!(ΦN, (P,∇P )) such that F∗(P,�P ) ∼= (P,∇P ).

Remark 2.8. §1 sH p-adic formal stack

(Sg,r )̂Zp





N

���
�

�
�

�
�� (Mg,r )̂Zp

Remark 2.9. C Bers ΦN N

Serre-Tate Torelli compatible

Remark 2.10. ΦN Ordinary Frobenius lifting
p
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p-adic C

hyperbolic curves p-adic Teichmüller Weil-Petersson metric

abelian varieties Serre-Tate Siegel upper half-plane metric

2.3 Galois

[Ord], Ch. IV, V

2.3.1 k perfect, char p

X → S = Spec(W(k)); (P,∇P ) canonical lifting P

Hodge filtration connection ∇P Frobenius action F∗(P,∇P ) ∼= (P,∇P )
Faltings MF∇(X) object Faltings

canonical crystalline Galois representation

ρX : π1(XQp) → PGL2(Zp) .

Remark 2.11. § 1 C π1(XC) → PSL2(R)

2.3.2 moduli

S = W (NPF
Fp

) Galois representation

base N∞ := lim←−(· · · → N
ΦN→ N

ΦN→
· · · ΦN→ N) Faltings

ρXN∞ : π1(XN∞ ⊗ Qp) → PGL2(Zp)

Remark 2.12.

(N∞)̂ = W (NFp)

N∞ formal

M = (Mg,r)Qp , X → M universal curve Outer hom

1 → π1(Xη̄) → π1(X) → π1(M) → 1

⇒ π1(M) acts onRep(π1(Xη̄), PGL2(Zp))

π1 R → M MZp p-adic formal
stack R normalization RZp → MZp ρXN∞
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Corollary 2.13. p-adic open immersion

N∞ ↪→ RZp

Remark 2.14. Katz-Mazur

2.3.3 Crystalline induction

N∞ → N Zp(1)3g−3+r-covering ρXN∞ : π1(XN∞ ⊗ Qp) →
PGL2(Zp) induction

ρXN
: π1(XN ⊗ Qp) → PGL2( )

“crystalline”

MF∇ �� Galois representation

Crystalline induction ��

��

representation induction

��

Crystalline induction ρXN
MF∇-object

3 Irreducibility of Moduli

3.1 Admissible locus affine

[Ord], Ch.II, §2; [Fnd], Ch.III, §2
X

f→ S/Fp genus g curve (P,∇P ) nilpotent p-curvature
Ad(P ) → Φ∗ωX/S

Definition 3.1. Nilcurve admissible p-curvature
Admissible locus open substack N

adm

g,r ⊆ Ng,r.

R1fDR,∗(Ad(P )) −−−−→ R1fDR,∗(Φ∗ωX/S)⏐⏐�
Φ∗

Sf∗(ω⊗2
X/S)

Cartier operator

Lemma 3.2. ⇔ Ad(P ) → Φ∗ωX/S
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Proof. Riemann-Roch ⇒

Corollary 3.3. Ng,r � ν

N
adm

g,r � ν ⇔ Ng,r smooth over Fp at ν

Proof.

Cor ⇔ Lem

⇔ Lem ⇔ Cor

Remark 3.4. ordinary(=étale locus) admissible
generic admissible ordinary

Theorem 3.5. Ng,r ⊇ N
adm

g,r (quasi-)affine

Proof. (P,∇P ) nilpotent admissible Hasse invariant

hX ωX/S = F 1(Ad(P ) ↪→ Ad(P ) � Φ∗
XωX/S {hX �= 0} open⊆ X

curve ordinary locus Σ := {h 1
2
X = 0} closed⊆ X curve

supersingular locus Σ → S (finite) étale
classical Igusa’s thm
Ad(P ) � Φ∗

XωX/S square nilpotent “conjugate filtra-
tion”

Ad(P ) i �� �� Φ∗
XωX/S

(
0 ∗
0 0

)

Ker i
j �� ��

��

OX

(
∗ 0
0 −∗

)

Ker j
∼= ��

��

Φ∗
XτX/S

(
0 0
∗ 0

)

Σ ωX/S ⊆ Ad(P ) nilpotent ωX/S|Σ → OX |Σ
ωX/S|Σ → Φ∗

XτX/S|Σ = τ⊗p
X/S|Σ classical

supersingular elliptic curve nonzero Γ(Σ, τ
⊗(p+1)
X/S |Σ)

Σ → S finite étale ωX/S|Σ ample
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3.2 Dormant locus smooth

[Fnd], Ch.II, Ch.III, §1
X

f→ S/Fp genus g curve (P,∇P ) nilpotent p-curvature
Ad(P ) → Φ∗ωX/S (horizontal)

Definition 3.6. Nilcurve dormant p-curvature≡ 0 Dormant locus

Ng[∞] Ng[∞]
closed⊆ Ng

Dormant p-curvature P1-bundle

P ��





Q




X

ΦX/S

�� XF

{P horizontal sections}={Q sections}. S = V (I) ⊆
T, I2 = 0 X → S XT → T XF

T

Ip = 0 OT
()p

→ OT OS

Q → XF QT → XF
T PT := (Φ∗

XT /T QT ) → XT

∇PT P1-bundle Crys(X/T ) crystal
XT P → X R1fDR,∗(Ad(P )) →

R1f∗(τX/S) (PT → XT ,∇PT ) XT

XT → T unique
QT → XF

T Riemann-Roch

H0(XF , Ad(Q)) = 0 bundle autom.

H1(XF , Ad(Q)) = (rank 3g − 3) moduli

H2(XF , Ad(Q)) = 0 obstruction

Theorem 3.7. Ng[∞] smooth dimNg[∞] = dimNg = 3g − 3

Remark 3.8. Admissible locus(cf. §1, Cor) Ng[0] 0 ∞
Ng [d](spiked locus) Ng =

∞∐
d=0

Ng[d]

Ng[d] smooth

3.3 p-adic Teichmüller theory moduli

Theorem 3.9. p � g (Mg)Fp
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Remark 3.10. C Teichmüller theory

Proof. g connected component I ⊆ (Mg)Fp

proper boundary g Mg

I proper Ng|I → I Ng|I generic point η dη :=
(η ∈ Ng [dη] dη η

closure J := {η} ⊆ Ng|I
Claim 1 J proper, smooth, ⊆ N[dη].

Proof. Proper d ν ∈ J∩Ng[d]
ν η specialization d ≥ dη Ng[d] smooth

dη d = dη ν ∈ J ∩Ng[dη] ⊆ Ng [dη]

J
closed⊆ N[dη] smooth 3g − 3 J

3g − 3 J smooth

Claim 2 dη �= 0

Proof. dη = 0 Theorem 3.5 Ng[0] quasi-affine
closed subset J quasi-affine J proper quasi-

affine Fp finite dimJ = 3g−3 �= 0

Corollary 3.3 Ng η reduced (reduced
J general Ng Fp smooth Ng [0]
) j finite, flat, deg< p3g−3

Ng|I fin, flat, deg= p3g−3
�� I

J
��

��

j

��





















(Sg)ZP → (Mg)ZP Mg ample line bundle L connec-
tion torsor ccrys

1 (L)

H2
crys((Mg)ZP ) → H2

crys((Sg)ZP )

F 2 ⊆ H2
crys((Sg)ZP ) p � g, L ample c1(L)3g−3|I ∈

Z∗
p

ccrys
1 (L)3g−3|J = deg(J/I)(ccrys

1 (L)3g−3|I)

F 6g−6H6g−6
crys (J/Zp) = p3g−3H6g−6

crys (J/Zp) = p3g−3Zp

p3g−3|deg(J/I) deg(J/I) < p3g−3
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