An Introduction to p-adic Teichmiiller Theory

EH

1 The Stack of Nilcurves
1.1 #EF=%%M )50 motivation

AEINZ SV T [Ord], Intro &2,

X % C E® hyperbolic curve (smooth, proper, connected, genus g minus
r points 29 — 2471 > 0), X #fET 2V —~ L T 5, FAR 7 (X) 2
TEE X ERT 5,

Koebe ®—EAbLEE X =9 :={z e Cllm(z) >0}

Remark 1.1. Mumford-Schottky —Eft & 13E 5,
R : Zho p #EELL SIE LUV,
p AT O 72 DI EOEBLONREA 22553 2 B 0

m1(X) — PSLa(R) — PGLy(C)
25 (PSLy(R) 1& 9 OIEAIH CFREERE L 728 5)
(X x PE)/m (X) — X /m(X)

2155, ZofR¥kE

LT 5,
S’J%/{’%A?X]P’}C

LV sectiono: X - P EEHVp NTEED,

/IF-Spencer morphism Vp(o):7x = " 7p/x

FREBE D, 20X 57 (P, Vp) ZEAR (indigenous bundle, I B) &
Vo, T BAEIE HOY(X,w?) ED torsor 12725 TS (r=00D &) :

Sgr — Mg,r



I Qljgtg ~torsor, Z 2T, 8y, My (ZZ L4 stable curve+IB, type(g,r)

g,r

stable curve @ moduli Z£[H], Koebe O—EA b2 HAEHER] (canonical) 723
FENTHI 72 WM E £ 5

SH

(Sg,r)(c - (Mg,T)C

| Sho piEERAIE L

1.2 BEBFEROEXRMEE

FL< I [Ord], ChI, §1,2 %5,

1.2.1 F

f: X — S % proper, smooth, genus g curve D &35 (fHO 7=
r=0),

Definition 1.2. (P 5 X,Vp) 2’EAHK (1 B) ThdLid, i P
N RLVTH-T, H59MWo: X - PRFELTVp(0) 1 7x — 0" 7p/x
NEBETHDLZ EE2WVI,

Remark 1.3. O F Y local IZIF—EALIZ/R>TWVD E W) T &,

1.2.2 Filtration & de Rham cohomology

A=Ad(P) = murp/x £B<, ZHIFX EOF L7 30~ MAKT, R
ATILZ sly & R ZR Lie SR OfEE L © 0, RO

T (TP/x) o*Tp x = Tx
Keri — (J5/72) @ Tp/x = Ox
Kerj —— (02/33) ® 7p/x = wx

N A O filtration NFEE IS
(F7'/F°)(A) = 7x, (F°/F")(A) = Ox, (F'/F?)(A) = wx.

L7223 > T, R’ for,«(A, Va) I filtration 23 5F5E S5,



Proposition 1.4. i #£1 D& X,
R’ fpr,«(A, V) = 0.
i=10DLEROFEERINNGD S :
0— fuw$? — R'YfprA(A,Va) — R furx — 0.

BT (B TIE, £ X1 BELTOLER (P, Ve) OEF. X OO
EIED 1 BERDENR) &etd, H_HNGE _H~OFLIT curve DETE
ThHhoT (P, Vp) BEDER LT BERDbDEXILEED,

1.2.3 Formal uniformization

WO E /D, FRESIEI Ve OIAFEDICED ;olX ] BEERT D
L X|ZHLIL D section .

i P ~

N~

P
e PD \
X xg X P
L)
T
X X

D % mp 12X % O @ push-forward &35, GliE & D E TORMBOFHNT
x5

= 2T diE diagonal X — X xg X 55 BH0, M, R EHER
Sond

3
OFPer = .
FRTHD LI,

00 /2 —— T /%,

U*wP/X ;wx



MHLNL, 22T FOEMIT/INE-Spencer 72 B,
Corollary 1.5.

P =PIy /95
SFVY, 1BIEVp CRES,
Proof.

P~ P9, /7)) (P'-bundle ® tautology)
P(U@/U[g]) (formal uniformization & 1)

1%

Corollary 1.6.
{ IBARK Y} = (fw$?)-torsor
Proof.

0 —= 195 /98) —— 9. /9B —— 195 35} —0

:] o«

w?f wx

Vp, Vi & "0 ET 5L, Vp—V € FO(Ad(Tp /9E)) @wx. Vp, V)
AHRET S € A%id &R B KD ICS D Eick Y, Fix e FLAdJp/IE) ®

wx = w?}ZO O

1.3 [FEHTOER

FEL< 1% [Ord], ChIL §2 %51,

1.3.1 Motivation

Moy ZFEH IR D Z, oD stack, E EN My % tautological 8 iR,
E=Rfpr.Op L T5, EEMey EDT 7 207 MVKT Ve % Gauss-
Manin BT, ZZCTP=P,Vp=P(Ve) LB & (PVp) 1E1 BIC
72% (C ETHAFMEN T B (Z72%), —77. pEMIZIL, Frobenius OEH
HD, T TIELHL naive 7 Frobenius Tl 143 T/ 72 renormalized
Frobenius F* Z M\ % (£ L < 1% Main Theorem II &%),

Frobenius invariance F*(&,Ve) = (€,Ve) F*(P,Vp) = (P,Vp) ‘




DS H, ZOMEICLY HEHEY) 2502+ EToRERe s M3
Honsd

(&, Ve) @ p-curvature I3 square nilpotent

Remark 1.7. p-curvature &3 Ad(€) ® @5, wir,,, PIET, & 2% derivation
50 % Ve — (V(s)p 12997,

1.3.2 Nilcurves @ stack

Nilcurve @ stack Ny . & IX hyperbolic curve & I BO#LTdh T p-curvature
73 square nilpotent (272 B35y &35 -

Theorem 1.8 (Main Theorem I).

Ngr — (Mg,r)JFp

I finite, flat, local complete intersection, degree=p39—3+",

DF V.| up to isogeny TIX Z AV EEAENZR section & 72> T 5,

1.3.3 TEDIMA

(8yr)r, v Q= V(@*Qlj‘f;iw)
(MQ,T)JFp

FODGHRITEL S S (3g — 3 + r)-dim relative affine space, VX1 B LD
Verschiebung( F O—1TH TiE#), C 4, M,,» % universal curve &9 %,

(P, Vp) — — det(p-curvature € Ad(P) ® ®xwx/s)
1
= 5Tr(p—curvaturez) € fu @}w_‘?}?sfjv) X /S-horizontal

=€ o5 (fuwly)

= Ny =V71(0)



LN TEREZRTICE, X; 126% (Mg7r)]Fp o relative affine JEE &
THEE,
V:X; — X+ (deg < p) i=1,...,3g—3+r
DEY, deg < p MOFHEIEN ARG &*Q — SPQ THLZ LA WVRIT X
W, FAUITIE
1 = | As >
§Tr(p-curvature2) ZEtE T L w

(b)
(P,Vp) 2 1BETHE PIEVOLRELEND

Vp=V+40

VIFEESNZHOT, 0 € FYAA(P)) B8 H L T& D, 2D, 1Tr({(V+
0)P}?) & 0 OB L LTHEAL, deg < p. FHHNEOLI THD, &
T v,
(c)

EFIE. (VAHOP 2EZD, 2=0%F5 L. 0 " —FHVIHI

OVl ...0V0 L VOV ... VOV
AIEIX R’ LD, 0127250 T
%Tr{(v Loy = %Tr(&V& OVOV0 ... 6V) + (degy < p)

£V degyg < p.
(d)
> =0I1TEETD &
VOV ...0VOV = [0, V]P A

L 2578, [0, V] 1 Ox-linear 735, € FOAA(P)). L7285, [0, V]*~10
t Ox-linear 7»> € FY(Ad(P)), L2, VO F~1/FO4531% O x-linear,
/F-Spencer B3 id THHZ L &xfED &

%Tr(. ..) = (abs.const)#” + (degy < p)

LFRHE D, %IT abs.const DFFRE, Z4UIE node X° marked point DE / K&

I—FFHETZEV (M =F/ FrI—{EHEK)
(t%’i’f’ﬁﬁﬁ SE % &)p-curvature = MP — M = M ((det M)'%l —1)
= %Tr(p—curvaturez) = —det(M)((det M)I%1 - 1)2

= degy = deg et = P



2 Canonical p-adic Liftings

2.1 Ordinary nilcurves @ canonical liftings
2EL < 1% [Ord], Ch.II, §3; Ch.III % 5,

~—ord

e Ny )r, = {M, . I étale locus} # @

%EZ2 5, ZiE ordinary nilcurves & X5, Jacobian 73 ordinary & 13
9, “ordinary” ®b 9 —ODEFREHZELO, X - S, (P,Vp) & F, LD
nilcurve & L, ® T Frobenius 7 7",

p-curvature € Ad(P) ® ®ywx/g
= Py — Ad(P)
= ®x7x/s — Ad(P) — (F~'/F°)(Ad(P)) = 7x/s

L ORERGD :
@fg]le*TX/S % ]le*@}TX/S — le*Tx/S(: O, . |s)-
Theorem 2.1.
(X = 8,(P,Vp)) ordinary < ®5R forx /s = R furx/s
Proof. W, 721 &
étale & Ny @ tangent space © Mg @ tangent space

XTI T2T 2137 O

2.1.1 ordinary nilcurve ) canonical lifting

Xg, — Sp, C S = Spec(W(R)), R :perfect/F,, P := (P,Vp)r, 215 p
? ordinary nilpotent I B &%, Z#% (Xz,,Pz,) (2 canonical 2R H |
Frzu,

Theorem 2.2 (Main Theorem ITI). FlDSMFZ 727 unique 72
(X, Ps) Bl 5,

%'ﬁ: F*?ZP ha UDZP

Remark 2.3. Py, % Crys(Xg,/S) L0 P'-bundle ® crystal &9 %, P =
PE)DEE, FL(E) CE L) rank 1 X7 ML T BOERIZH TS
50 LVikED, ®x % Frobenius &35 & X,

P (E,Ve)®F, DO F(E) @ F,.



renormalized Frobenius (2 & % pull-back F*(&, Ve) &2 ®% (&, Ve) D section
Tho>T, modp LIz&XIZOLFYE)RF, ICADbDEEERT D, i
rank 2 X7 VRO crystal (2785, F*(P, V) (ZZDHEALL T2,

F, AROKTEZENHT, F—HIX F?, FE-HIT P/ FOThotz,
0— f*w;@gs — R'fppAd(P) = R furx/s — 0

Proof. A TE R D, FOFEIT Py, 2FKT, TTH OKIZARAUTFEHA
o,
(1) mod p IZ DWW TiXbnroTnd,

F?2 | F~Y/F°

OK | OK mod p
? ? mod p?
? ? mod p?

Lemma 2.4. F* 75 &

F—l/FO :>p_1~ F—l/FO
(2] 5 [ 7]

Remark 2.5. FEWIZ-2UTid [Ord], Ch.III, Lemmas 2.5, 2.6 &2,
(2) Lemma £ Y p-| F~1/F%|mod p? BNREESNDHDT,

F2 | p1/po

OK | OK mod p
? OK mod p?
? ? mod p3

DFED XZ/pz PR E ST,
(3) F~1/FOmod p? {2 oW T, EBORMEDRINHIRESND ¢

F? | F7Y/F°

OK | OK mod p
? OK mod p?
? OK mod p?
? ? mod p*

DFED, HEEDOK 76 OK &72%,
(4) Lemma &Y (F*P)z/,2 1Z F?modp? IZEBRVOTERELY Zhd



RED,

F? | F7Y/F°

OK | OK mod p
OK | OK mod p?
? OK mod p?
? ? mod p*

ZHIE(2) LRI E D KRBT > TWD DO TFIEEZ#EY B XL, O

2.2 moduli DFE

7L <12 [Ord], Ch.III % B R,
ord ét

N, )r, — (Mg, ), 1% étale 720> T unique 78 p-adic 72FFH LIF N =
g,m/tp 9,

ord 6t

Ny )z, = Mgr)z, BB, SIEED §1 OFEIMRT, Sp, = NET & LTH
<&

Xz, = 5 =WQNg")

=5 - (mg,r)Zp s.t. N &fHT 5

=5 —=N

21585,
Lemma 2.6. 3! Frobenius lifting & : N — N such that
S — N
}ps Tq’”
S — N
Corollary 2.7. 3(®y;, (P, Vp)) such that F*(P,Ap) = (P,Vp).

Remark 2.8. %1% §1 D sy OFHITH D p-adic formal stack DG
/o

(8g.r)
3 l
Remark 2.9. C D4 (Bers —EAb) EREE, Oy 13 N OBEAER) 72 S %
5.2 % ! (Serre-Tate & FA{LIFI7223 & Torelli {ZB8 L T compatible Ti&72\ ),

Remark 2.10. ®y @ X 5 72 Ordinary Frobenius lifting I SEf#HTH 7 — T —
n+%@ p *E1J\T 3}) 5

N—>(



p-adic C

hyperbolic curves | p-adic Teichmiiller | Weil-Petersson metric

abelian varieties | Serre-Tate Siegel upper half-plane metric

2.3 Galois X3IR

FEL<IE[Ord], Ch. IV, V 2B,

2.3.1 k perfect, char p D& =

X — S = Spec(W(k)); (P,Vp) % canonical lifting &3 %, P EIZiX
Hodge filtration, connection Vp. Frobenius action F*(P,Vp) = (P,Vp)
MA D DT, Faltings ® MFY (X) D object (2725, Faltings ¥ 4 i H
9% & canonical 72 crystalline Galois representation 73 C& % :

‘px . m1(Xq,) — PGLy(Z,) ‘

Remark 2.11. # 1% §1 C O%H D m(Xc) — PSLe(R) 22 M,

2.3.2 moduli D& E

S = W(NﬁF) L L7z & x| [FERIZ Galois representation 23 C& 5723, %
Hbo& hEbase D ETEHSN TS, N = lim(--- — N 2N

Y ) &35 &, Faltings OFER L0 |

[Pxo T (X © Q) = PGLa(Z,) |

Remark 2.12.
(N>) = W (N,

No© (T formal 78 b D, ZHEZBRICH LSO THIRL 2,
M = (Mg,r)g,, X — M universal curve &9 %, Outer hom ZEZ % :

1 — Wl(xﬁ) — (X)) = m(M) — 1
= (M) acts onRep(m1 (X5), PGL2(Z,))

w1 D & 0 RS WT&E D, A, Mg, & p-adic formal
stack & FLC R WO normalization & &% & Rz, — Mz, BN TE| prye &
DNIRORINTED,

10



Corollary 2.13. p-adic open immersion
N — Rz,
MNTED,

Remark 2.14. F8MB#E DA X Katz-Mazur 22 W,

2.3.3 Crystalline induction

N© — N X Z,(1)39 3 covering 72D T px,e : T (Xne @ Q) —
PGL3(Z,) %= (FBFmDOEWKT) induction 5 &

[, T (Xor ©Qp) — PGLy(K & 728 |

MNTED, JEE. Zhb “crystalline”, DF D,

MFY Galois representation

( (

Crystalline induction —— representation @ induction

Crystalline induction 29 % &, px, &%ET5 (KE7) MFY-object 73
{/'_:‘héo

3 Irreducibility of Moduli
3.1 Admissible locus @ affine %

2L <13 [Ord], Ch.IL, §2; [Fud), Ch.IIL §2 2208,
x4 S/F, genus g curve Off; (P, V p) nilpotent I B &%, p-curvature
T Ad(P) — ®*wx g THEADLND,

Definition 3.1. Nilcurve 7% admissible & (%, p-curvature &K TH 5 =

—adm

&, Admissible locus 1% open substack (2725 : Ng’r - ﬁw.

N
TN

R! for,«(Ad(P)) —— R fpr«(P*wx/s)

l

5 (W?}?s)
(MED L Cartier operator) .

Lemma 3.2. A2 & Ad(P) — ®*wy/s MEH

11



Proof. Riemann-Roch OEHENGHED, HlzX, = EFERNA-H, &
DA S G AL AN O

Corollary 3.3. N, , > v I L T,

—adm

Ny v & Ny, smooth over Fy, at v

Proof. LV,

(Cor /) < (Lem DAH)
& (Lem ®O/E31) < (Cor DAHA)

-

Remark 3.4. 76T, ordinary(=étale locus) (% admissible, (¥ LV VEHT
&) S2E. generic admissible (% ordinary,

ROEH AT,
Theorem 3.5. N, D ﬂ;i,m X (quasi-)affine,

Proof. (P,V p) % nilpotent admissible I B &3 % & & Hasse invariant O}
Blhy 585 : wx)s = FAd(P) — Ad(P) » ®wy/se {hy £0} ¢ X

closed

Z curve @ ordinary locus &\ X = {h)%( =0} C X % curve ®
supersingular locus £\ 9, ZD & &, ¥ — S (finite) étale TH D, FAEH
I classical 72355 @ Igusa’s thm & [FlEE,

Ad(P) - ®%wyx/,g I square nilpotent TH 5 Z & LV, “conjugate filtra-
tion” N T&ES @

Ad(P) — Dhwx/s 0«
0 0
Keri — 2 Oy ( )
0 —x
~ 0 0
Ker j —— % 7x/s ( 0)
*

¥ BT wxys € Ad(P) 23 nilpotent £V wx/sls — Ox|s (FERIZ
%, EoTwysls = Px7x/sls = T§75|2 E1FDH M, AU classical 72
supersingular elliptic curve ® & & & [Ek, B 57T nonzero 72 T'(X, T;?/(g+1) Is)
D52 %, &ZAN, ¥ — S finite étale 7> wx/g|y 1% ample, K-

TEHEINRESNT, [

12



3.2 Dormant locus @ smooth %

2L <13 [Fnd], ChIL Ch.IIL §1 %5,
x4 S/F, genus g curve Off; (P, Vp) nilpotent I B &%, p-curvature
I3 Ad(P) — ®*wx s TH A BN 5 (horizontal),

Definition 3.6. Nilcurve 7’ dormant & %, p-curvature= 0, Dormant locus

% N,[oo] THT. N,[oo] “C N, T 5.

Dormant & {ET 5 & p-curvature D—f&iH L V. KD X 9 72 Pl-bundle
DIFET D -

P—Q
| o |
- > F

X Px/s X
72> {P ® horizontal sections}={Q @ sections}. E-T, S = V(I) C
T,?=0%tF2¢. X - SORLET Xr > TIZXLT, XEIRHLLE
Flo kb (RERL, P =059 0r L 071205 #BMTBHD),
Q — X' OBF2FS BT Qr — XE kLT, Pr = (®%,.,7Qr) — X1
3HEHE Vp, 2E Pl-bundle £72 0, L2vd Crys(X/T) O crystal & LT
XrleEoRv] —H P - X OB Thin 5. R fpr.(Ad(P)) —
le*(TX/S) 75“})%(&)5 Z fl.’ c]: @\ (PT — XT,VPT) 7b§ XT J:@ IB <‘:f£
& 97 Xr — T 7 unique I\ZFET D Z L0 D, AT, BFREFR
Qr — XE B L7=biF 72 L, Riemann-Roch £V |

H(Xp,Ad(Q)) =0
H'(Xp,Ad(Q)) = (rank 3¢g — 3) 2510 moduli
H*(Xp, Ad(Q))

bundle @ autom.

ZEFE D obstruction

Xo7T,

Theorem 3.7. N,[oo] I& smooth T dimN[oo] = dim N, = 3g — 3.
Remark 3.8. Admissible locus(cf. §1, Cor) Z Ny[0] THKF, 0 & oo DRI
HfHIA 72 N [d] (spiked locus) HH V. N, = ]O_O[ Ngld] &72%, FERIES 57

d=0
LEEL <72 %705, Ngld] 13450 smooth,

3.3 p-adic Teichmiiller theory [Z& % moduli DELHIH

Theorem 3.9. p>> g 725 (My)r, IFEEK.

13



Remark 3.10. C @ Teichmiiller theory @ —&EAKRIPLIGHO—DFFE =
ZZOBERMETH D,

Proof. g \ZB3 2 JFihiL, MEE D connected component I C (Mg)r, (&
proper (272 572\, | Z7REE 53 (boundary 1Ky g D My, TEIT D),
I proper £ 3%, Nyg|lp — I #5 A%, Ng|; ® generic point n (Zxf L d,, :=
(n €Ngldy] £725HD) LB, dy PRREBRDEIRnELSTETED
closure J := {n} C Ny|; &% 5,

Claim 1 J I& proper, smooth, C N[d,].

Proof. Proper [ZEFX LV IZIEHIZHED, D dITK L, ve JNNgd] &5
&L vy @ specialization T D Z & XV, d>dy. Ny[d] 7% smooth TH
HZEEd, 75§%j('C3?)6:}:J:@ d=d,. £>Tve JNNyd,] CNy[dy]
L BT I C N[ nle A7181% smooth TWILIL 3g — 3. F£7=. J DRI
H39g—37DTJHLEDHE A smooth, O

Claim 2 d,, # 0

Proof. d,, =0 &9 % &, Theorem 3.5 £V Ny[0] 1T quasi-affine 72572725,
% @ closed subset J % quasi-affine, —JF . J & proper 72572725 quasi-
affine TbdH L LT 5L, Fy Efinite 272V, dimJ =3g—3 #0IZF M, O

-7, Corollary 3.3 £V, N, (T n Tl& reduced TRV (reduced &7 %
&L J D general 72Tl Ny 13 F, L smooth, D X 9 722513 Ny [0] 12
T5). £oTTFDID j i finite, flat, deg< p39—3,

fin, flat, deg= p°9 2

/

—Ji. (8g)zr — My)zp 1 E M, ED&H 2% ample line bundle L IZA % connec-
tion @ torsors Ko T, V(L) 13544

chrys((Mg)ZP) - Hcrys((sg)zp)

CEOF2CH2 ((8y)z,) IC%EBNB, WE, p> g, Lample 1V, ¢ (£)%73; €

crys

Z; LLTH &,
L) g = deg(T/ D (£)7) 1)

JEiE FOI~SHS9—6(J/Z,) = p39—3HSI~(J/Z,) = p*I—>3Z, DILTd % M

crys crys

5. p3973|deg(J/I) L7250, Zhud deg(J/I) < p39 3 I FET D, ]

14
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